The Joukowski -Chaplygin condition, which allows us to determine the circulation of the flow past contour with a sharp edge, is one of the most important achievements of S. A. Chaplygin, whose 150 birthday is celebrated this year. This research is devoted to this problem.
Introduction
The basics of hydrodynamic lattice theory were founded in the classical works of N. E. Joukowski and S. A. Chaplygin. Huge steps in the development of this theory were made in Weinig's [1] and N. E. Kochin's [2] monographs. The basics of the lattice theory are described in the monographs of L. I. Sedov [3] , N. E. Kochin et al. [4] , and in more detail in the monograph of G. Yu. Stepanov [5] . To construct a solution, the classical theory uses conformal mappings. Using them, we may construct a solution for simple lattices -a plate and a circle.
At present, the lattice theory is developed using numerical methods. In Gostelow's monograph [6] the lattice theory is explained based on rich experimental material. Also, the calculation results are based on difference methods and the finite element method.
The topic of lattices of airfoils with sharp edge flow around them is very popular at present both in Russia [9, 10] and abroad [11, 12] .
Potential flow past a lattice of airfoils
In [7] a numerical scheme for forces acting on the lattice profiles is proposed. The periodic lattice of airfoils is an infinite sequence of airfoils L j , j = . . . − n, . . . , −1, 0, 1, 2, . . . , n, . . . The airfoil L j+1 is obtained by translating the airfoil L j along the axis x through the lattice spacing h (Fig. 1) . 
Here Γ is the circulation, and the subscripts x and y denote the vector projections on the axes x and y, respectively. By using these quantities, the force exerted by the fluid on the airfoil can be precisely determined by applying the theorem on momentum variation. The force projections F x and F y onto the axes are given by the formulas (see [3] )
Integral equation. Green's function G(x, y, x , y ) is expressed in terms of the real part of an analytic function of complex arguments z = x + iy, z = x + iy
Through it the integral operator kernel of the system of integral equations for the velocity distribution on the lattice profiles is expressed [7] 
Given the circulation Γ and the inlet velocities v ∞1 and v ∞2 , we can determine the airfoil velocity distribution V (s), the mean velocities U 1 and U 2 and the constant C by solving system (1.3). If the airfoil has a sharp trailing edge, the circulation can be determined using the additional Kutta -Joukowski -Chaplygin condition on the rear stagnation.
Parametrization of the integral identities
Regarded as a function of s , the integrand of A defined on the closed contour L by its argument s has a natural period equal to the total contour length l. It is convenient to specify the coordinate of point M (s) on the contour by the parametric equations x = φ(ζ), y = ψ(ζ), where φ(ζ) and ψ(ζ) are functions of ζ with a unit period. For numerical computations, the contour is partitioned by a finite number of points
The parameter ζ and the coordinate s are related by the differential relation
where σ(ζ) is the density of contour points; its values at ζ = ζ i can be calculated using a quadrature formula for a periodic function (see below):
Quadrature formulas for contour integrals
As mentioned above, the integrands A in the integral operator have period l and quadrature formulas for periodic functions can be used for them (see [8] ). For analytic periodic func-tions F (x) of period l, a quadrature formula has the form
And for a function with a periodic logarithmic singularity the quadrature formula has the form (see [8] 
Both (3.1) and (3.2) are exact for trigonometric polynomials of the form
According to the terminology introduced by K. I. Babenko, quadrature formulas with this property are referred to as saturation-free. By using such formulas, the analytical properties of a function can be numerically determined from the order of decrease of its remainder.
If F (x) is an infinitely differentiable periodic function, then the remainder of the Fourier partial sum (4.3) has an order of smallness higher than any power. Therefore, the order of smallness of the remainder of the quadrature formulas is higher than any power 1/N n .
Function G(ζ, ζ ) has a logarithmic singularity at ζ = ζ. The quadrature formulas (3.1) and (3.2) yield
System of linear equations for computing the potential flow past a lattice of airfoils
With the help of (3.4) system (1.3) is approximated by the linear system of equations
This is a system of N +3 linear equations for determining N airfoil velocity values V 1 , V 2 , . . ., V N , two mean velocities U x , U y and, and the constant C.
Consider the problem in which the rear stagnation point on a smooth airfoil is a given quantity, which is used to calculate the circulation. For this purpose, we use the JoukowskiChaplygin (Kutta) condition. Let the point M (x m , y m ) denote the sharp trailing edge of the airfoil. In the computational scheme used, the airfoil is assumed to be smooth and the sharp edge is replaced by an airfoil point with a maximally high curvature. Then, according to the Joukowski -Chaplygin condition, the velocity at this point vanishes (stagnation point): V m = 0. To calculate the circulation from this condition, the velocity at the airfoil boundary is partitioned into three terms (the possibility of this partition follows from the linearity of the problem):
where the flows with velocity distributions V (1) and V (2) have zero circulation, and the flow with V (3) has a circulation equal to −1. Thus, functions V (k) , k = 1, 2, 3 can be found in a unique way. From (4.1), we obtain the following systems of equations for calculating V
at the airfoil points x j , y j and the constants C 1 , C 3 :
The condition V m = 0 yields the circulation equation
Profile with sharp edge expansion in Fourier series
The Fourier series theory implies that the Fourier series coefficients a n , b n of a periodic function f (s), whose first derivative is discontinuous, decrease as 1/n 2 as n → ∞, and for the derivative as 1/n. Thus, the use of Fourier series for functions x(s) and y(s) which have a derivative discontinuity on the sharp edge is not very convenient. A substantial improvement of the convergence of the Fourier series coefficients may be obtained as follows.
Let the digitized profile be given by the Cartesian coordinates x n , y n , n = 1, 2, . . . , N so that the sharp edge corresponds to the origin of coordinates (Fig. 2) . Then, if we continue by symmetry the profile curve, we will obtain a self-intersecting line at the origin of coordinates in the shape of a figure-of-eight, as shown in Fig. 3 . The points of this curve are defined as follows:
y n = y n ,ȳ N +n = −y N −n ; n = 1, 2, . . . , N. The advantage of this curve compared to the initial one consists in the fact that on a double period 0.2l it is determined by smooth infinitely differentiable functionsx(s) andȳ(s). On a double period they can be calculated using quickly converging Fourier series. Furthermore, symmetry considerations imply that they will contain only sinuses
To obtain 3 digits accuracy, it is enough to take 20 expansion terms. For γ ∈ (0, 2π) we get the whole curve in the form of a figure-of-eight, as shown in Fig. 3 . On the half-period γ ∈ (0, π) we obtain a half of the figure-of-eight, that is, the analytic form of the initial profile (Fig. 2) with a sharp edge.
A more accurate description of velocity V (s) in the vicinity of the sharp edge may be obtained by accumulating the grid points in the vicinity of the sharp edge. This can be done using the following substitutions γ n = πF (ζ n ), ζ n = n/N , n = 1, 2, . . . , N:
The closer the parameter p is to one, the more dense are the points placed near the sharp edge.
Dependence of the circulation error on the nodes number
The velocity at the profile boundary may be found from the system of integral equations (4.1)-(4.4). Determining the discrete distribution with the help of the Fourier series (5.1)-(5.2) on the half-period and the accumulation of points using (5.3), by approximation (3.4) we can calculate the matrix with high accuracy with a relatively small number of grid points. Then, solving systems (4.3), using (4.4) we may calculate the circulation with high accuracy.
To check the accuracy of our calculus, we can use the theory of generalized Joukowski profiles. They can be constructed as follows. The equation
implies that the complex variable z can be expressed in terms of Z
The complex variable Z is expressed in terms of Z
2)
The boundary points on the plane z correspond to a circle of radius a on the plane Z . The form and the position of the profile on the plane z are determined by five parameters Z 0 , z 0 , β, a, φ. The angle of the sharp edge equals τ = π(2 − z 0 /Z 0 ).
The following parameters correspond to the profile from Fig. 2 :
The complex flow past the potential of the generalized Joukowski profile on the plane z is easily built using the conformal mapping method. In the flow past of the profile with the velocity at infinity Ue iθ 1 the complex potential W (z) is found as follows. We calculate the complex potential on the plane Z
and substitute into it function Z . The complex potential on the physical plane is w(z) = = χ(Z (z)). The circulation is found from the condition that the velocity at the sharp edge equals zero. On the plane Z the point Z = ae −iβ corresponds to it. Thus, we obtain
It is convenient to use this exact solution for testing the numerical scheme. The circulation by the described numerical method is calculated as follows.
The discrete set of points z n , n = 1, 2, . . . , N can be obtained by substituting into the mapping (6.2) and then into (6.1) the points of circle Z n = e 2πin/N , n = 1, 2, . . . , N. Thus, by the method described in Section 5, we accumulate the points in the vicinity of the sharp edge. We calculate the matrix A ij by the approximation formulas (3.4) and then, solving three systems of equations (4.3), we calculate three fundamental solutions V (k) , k = 1, 2, 3. The circulation is calculated by formula (4.4) .
Let us analyze how the error in the calculation of circulation decreases depending on the increase in the number of grid points.
For the first comparison let us take the profile from Fig. 2, that is, 
